June, 1992] © 1992 The Chemical Society of Japan

Bull. Chem. Soc. Jpn., 65, 1703—1706 (1992) 1703

Relation between the Vibrational Wavepacket Propagation Formalism
and the Time-Correlation Function Formalism for
Absorption and Raman Scattering
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By a proper choice of the system Hamiltonian and the dipole or polarizability operators, we show that the
widely used wavepacket propagation formalism for optical absorption presented by Heller (J. Chem. Phys., 68, 2066
(1978)) and vibrational Raman scattering by Lee and Heller (J. Chem. Phys., 71,4777 (1979)) can be derived from
the dipole and polarizability correlation function formalisms, respectively, presented by Gordon (Adv. Magn.

Reson., 3, 1 (1968)).
optical processs involving excited electronic states.

Gordon focused on processes in the ground electronic state, whereas Heller et al. dealt with
The cases of an isolated molecule and of a molecule in a bath

where only pure electronic dephasing occurs are both considered in this paper.

The time-correlation function formalism of Gordon!)
preceeded the vibrational wavepacket propagation pic-
ture for optical absorption by Heller? and for vibra-
tional Raman scattering by Lee and Heller.® Gordon?
focused on deriving information about molecular rota-
tion in the ground electronic state from infrared and
rotational Raman spectra, whereas Heller et al.2=%
studied the relationship between vibrational dynamics in
the excited electronic states and optical absorption and
vibrational Raman spectra. The connection between
Gordon’s approach and the work of Heller et al. has not
previously been discussed in depth. Here, it is shown
that the vibrational wavepacket propagation picture, by
an isolated molecule or by a molecule in a bath with
pure electronic dephasing only, can be derived from the
time-correlation function formalism.

Absorption. Gordon!) has shown that the normal-
ized lineshape function Kw) is given by the Fourier
transform of the dipole correlation function,

1(w)=(l/2n)f di eier <gi(0) - @(1)>, 2.1
where w is the light frequency, and the time-dependent
Heisenberg operator u(z) for the dipole at time 7 is
defined by,

ﬁ(t) = giHih ﬁ(O) e—iHl/h, (2.2)
with H as the system Hamiltonian. Since the lineshape
function is real, /(w) can also be written as,

l(w)= (l/n)Ref dr efer <g(0) - g*(0)>,

0

(2.3)

where Re denotes taking the real part.

Equation 2.1 or 2.3 is a general expression for the
absorption lineshape function, and is true for an ensem-
ble of interacting molecules as well as a single molecule.
Gordon!) applied the inverse of Eq. 2.1 to obtain and
interpret the dipole correlation function from the rota-
tion—vibration bands in the near infrared. In this case,
1 is the vibrational transition dipole moment of the

absorbing molecules in the ground electronic state; and
H is the Hamiltonian for the rotation-translation
motion with the neglect of vibrational perturbations.

Our focus here is on optical transitions, first, for a
single molecule. We assume the Born-Oppenheimer
approximation and consider the molecule to have two
electronic states; a ground electronic state |e;> and an
optically bright excited electronic state [e2>. In the
spinor representation, the Hamiltonian H for the mole-
cule can be written as,

H=h(Q)|er><ei + (ho(Q) — ify)|e2><es,

where h1(Q) and h2(Q) are the vibrational Hamiltonians
in electronic states |e;>> and |e2>, respectively, and y~!is
the lifetime in the excited electronic state. The dipole
operator for an electronic transition between the two
states in the Franck-Condon approximation is given by,

(0) =112(Q) | er><ed + Ha1(Q)|e2><e|, (2.5)

where T12(Q) and T21(Q) are electronic transition dipole
moments which may depend on the vibrational coordi-
nates. Let us further assume that the molecule is
initially in electronic state |e;> with vibrational distribu-
tion represented by the density matrix pg. The absorp-
tion lineshape function then takes the form,

(2.4)

I(w)=(1/m)Re ldz e"w'TrQ{pQ<e1|11(0) cemiHIlh ﬁ(O)ef"f/"|e1>}
(2.6a)

:(] /n)Refdt eiwhy/TrQ{pQ ;_112 Le it h ﬁzle”"’/h}, (2.6b)
0

where we have integrated over the electronic states in

Eq. 2.6b. If the molecule is in a pure vibrational state
| x> then,

p(Q) =[x><xil, 2.7
and furthermore if | x> satisfies,

hi | x> = Awi| x>, (2.8)

then Eq. 2.6b yields,
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Iw)=(1 /ﬂi)ReLdl e‘“”““/‘<Xi|ﬁ12 . Cﬂ‘hz’mﬁmeih"/h] Xi> (2.9a)

oo

=(1 /n)Re]dt ey | g - €T gy | x>,
0

(2.9b)

00

= <X,‘|‘/—.L'12 <(1/m) Re{fdt C"”;’hﬂ”e-i/’z'/ﬁﬁzl | Xi>
0

(2.9¢)

where =w+w;. Only when (h2=h:+constant) can Eq.
2.9a be interpreted as an electronic transition dipole
correlation function; in most cases this condition is not
satisfied. A more useful interpretation is Heller’s time-
dependent vibrational wavepacket propagation picture
of photoabsorption? based on Eq. 2.9b.

There has been some controversy5—8 as to whether the
optical absorption lineshape function /(w) is due to a 6-
function pulse or a continuous wave (cw) source.
Equation 2.9b seems to suggest that it holds for a é-
function pulse. Such a pulse would instantaneously
prepare a wavepacket Tzi| x> in the excited electronic
state |e2>, whose subsequent evolution is given by the
operation with the propagator exp (—ihat/#). A final
Fourier transform of the autocorrelation function, scaled
by the lifetime factor exp (—<y¢) in the excited electronic
state, is then required to give the absorption lineshape
because the 6-function pulse spectrum 1s infinitely wide.
On the other hand, the equivalent expression Eq. 2.9¢c
seems to suggest that it holds for a continuous wave (cw)
light source. Such a source prepares a Raman wave-
function? in the excited electronic state, as given by the
bracketted term in Eq. 2.9c. A final Franck-Condon
overlap gives the absorption lineshape, without the need
for a further Fourier transform because the cw source is
monochromatic. However, it can be shown?® that the
expression for /(w), which is given by the ratio of the
Fourier transform of the induced first order polarization
of the system to the pulse spectrum, is actually inde-
pendent of the pulse shape. Thus, it is the simplicity of
the pulse shape and associated pulse spectrum that
deceives the spectroscopist into reading a &-function
pulse or a cw source in the optical absorption lineshape
function /(w)!

The case of a single molecule in a bath where the bath
modes X are independent of Q can be similarly treated.
The system Hamiltonian in this case can be written as,

H= (hu(X) + (@) 1><]
+ (hao(X) + ho(Q) — ihy) [ 2><2,

where hi(X) and /h2(X) are the vibrational
Hamiltonians for the bath. Such a model can only give
rise to pure electronic dephasing. Assuming the same
expression for the transition dipole operator as Eq. 2.5,
the extension of Eq. 2.6b for the absorption lineshape
function is simply given by,

(2.10)

oo

Kw)=(1 /n)ReIdt ef“'"V’TrQ {PQ T e—ihu/h ﬁzle”“’/h }
)

X Trx {px ¢ i/l e"h-»'/h} (2.11a)
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=(l/m)Re f dt e@ <yl firg - € A g | x > Po(2),
0 2.11b)

where px is the density matrix for the initial vibrational
distribution of the bath in electronic state |e:>. In Eq.
2.11b we have assumed that the molecule is initially in a
pure state | x> satisfying Eq. 2.8. The difference from
the isolated molecule case, Eq. 2.9b, is the introduction
of the bath correlation funtion @y(¢) defined as,

@u(1)=Trx {PX e~ ihent| gifuni (B } (2.12)

A similar result has been derived by Harris et al.19 using
the Fermi golden rule, and various models for the bath
correlation function have also been discussed.

Raman Scattering. Gordon! has shown that the
differential scattering cross section (i.e. scattered power/
incident intensity) for scattering into a frequency range
dw and a solid angle element dQ2 is given by the Fourier
transform of the polarizability correlation function,

d2o _(23

. oo
A0 des ¢ )(I/Zn)f dt e7r<as(0)asi(1)>, (3.1)

where ws is the scattered frequency; asi is the polariz-
ability tensor (operator) projected along the direction of
the electric vectors &1 and & in the incident (I) and
scattered (S) radiation, respectively; and the transform
frequency w=wi—ws where w is the incident frequency.
The time-dependent Heisenberg operator «(#) for the
polarizability tensor (operator) at time ¢ is defined by,

a(t) =etihg(Q)e=Hih, 3.2)

In the rotational Raman application of Gordon,V as; is
simply a polarizability tensor,!?) which depends on the
vibrational quantum number of the band, and H is the
Hamiltonian for rotation-translation motion.

Our focus here is on vibrational Raman scattering,
and asi is a polarizability tensor operator which has a
dependence on the vibrational Hamiltonians of the
excited electronic states.® Equation 3.1 applies to an
ensemble of interacting molecules is well as a single
molecule. For the latter case, we take H to be given by
Eq. 2.4 and assume that the molecule is initially in
electronic state |e;>> with a vibrational distribution
represented by the density matrix pg. Then Eq. 3.1 can
be written as,

d2e ws | S R
W:(T) (1/2m) f fte 'w'TrQ{pQ<e1|as,(0)

X eilhgsy(0)e Hihe>).  (3.3)

In the case of a state-to-state vibrational Raman scatter-
ing, we start with an initial pure state where pq is given
by Eq. 2.7, and insert a complete set of vibrational states
(2/[)(/><X,-|=I) for electronic state |e:>> in Eq. 3.3 to give,

d2o
dQdws

I

\ .
by (‘f—) (1/2m) | dr e tomerrar<y |(<el adi(O)er>) x>
f 0o

X <x_/<| ( <ei| asi(0) e;>)| x> (3.4a)
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ws 4 2
=3 (7) [<l(<erlasOfer>) x>| 8w — v+ w).
Y (3.4b)
Equation 3.4b gives the Schrddinger representation
(Fermi golden rule) of the differential scattering cross
section from an initial state | x;,> to all the resolved final
states | x> of electronic state |e;>>. This was the start-
ing point of Gordon’s work.) An observable is given
by integrating over the scattered frequency ws; the dif-
ferential scattering cross section from | x> to x> in a
solid angle element d€2 and a fixed incident frequency w;
is then given by,

do) (s} 2
30),.~| ) [o(<elosole>) x> 35)
where by the conservation of energy,
ws = w1 — wrt w;. (3.6)

Quantum-mechanically, the effect of the polarizabil-
ity tensor operator for electronic state |e1:> is given by a
sum of a resonant and anti-resonant term,2

(<e1 | aes1(0)) 61>)| Xi>

1

= (<es|(H(0) - 5) ((0) -&n)|er>)| x>

H—H(wi+ w)
— ~ l - o R
+(<erl ((0) &) o= a0 &s)ler>) x>
(3.7a)
— (= a I 7. a B
=((ne 89— = Tt o 80>
R 1 R
+((Tuz o) T (=1 '85))|Xi>
h2 tﬁ'y h(w, (US) (37b)
= (2 &s)(i/ ﬁ)j di e@vieTihetlh (o) < 81| x>
o
+ (Faz - &0/ h)f dr emio—viemthalh (g, « E5) [ x>
0 (3.7¢)

The dipole moment in Eq. 3.7a is given by Eq. 2.5 and
the energy denominator in Eq. 3.7b is written as a
Laplace-Fourier transform in Eqg. 3.7c¢ to give the
Heisenberg picture. The integrals in Eq. 3.7¢ corre-
spond to Raman wavefunctions,? and we have defined
@i=wrtw; and @s=ws—w;. Inserting Eq. 3.7c into Eq.
3.5, we obtain,

do 1 ws \4 * i@i— N - —ihat 1T (= ~
) ®m\c ‘ dr e <y, | (g - &) €M (g - &) [ x>

+f dr e @Y<Ly (e - &) €0 (jin '55)[Xi>’%

’ (3.8)
This result is identical to the time-frame formulation of
vibrational Raman scattering derived by Lee and
Heller® where the second-order time-dependent pertur-
bation theory was used as the starting point. The
physical interpretation of Eq. 3.8 in terms of vibrational
wavepacket propagation on the excited state surface has
previously been given.?

The case of a single molecule in a bath, with the same
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assumptions as in Absorption section, leads to an exten-
sion of Eq. 3.3,

d%o ws | * . +
0 de "\ (2m [dre "”’TrxTrQ{ppr<el|ozs|(0)
_ X eitt/h asl(O)e"iH'/h|el>}.
(3.9)
By inserting the complete set of bath states

(D on><ébn|) where  hib|Eon>=Hwbn|éon> at  the
appropriate places, the differential scattering cross sec-
tion from | x> to | x> over all scattered frequencies is
easily shown to be given by,

d 1
(§8),.= 7 B2 or<xl(<eloi 0 le>) S ><tol

cma
X <X/| (<e1| ozs|(0) | Cl>) I Xi> | fhm><fhm | ’
X (wl + Wi + Wbm — Wf (Uhn)4'
(3.10)

By an extension of Eqgs. 3.7a—c, the effect of the
polarizabiliy tensor operator in the Heisenberg picture is
given by,

(<61| asi(0)] 61>) [ x> Eom>=

(el ((0) -&9) (7(0) - &0)|er>) [ x> €nn>

H— h(wi + Whm + wl)

+(<er (1(0) - &) (H(0) - &) ex>) | x> éom>

H— h(wi + Wbm — ws)

= {(Tilz '55)(i/h)j dr e@rvie R (g, - 21) | x>
0

o0

+ (ﬁlz ‘51)(i/h)f dt e—iau*we—ihzr/h (ﬁ21 'és)|Xi>}
0

X e_"“"[/heih""/h‘fbm>. (3 11 b)

The state-to-state differential scattering cross section in
the time-dependent form is then given by,

I % oo

doy 1 dr’| dr AX(1)A
)., @ | d A L AX)A(1)
X Trx{pxe—ihm’jhei/ml'x S Eon><éon

X it [ haiwiih 2' Eom>< §hm] }
m

X (w; + wi + wom — wf— whn)4, (3 12)

where we define the vibrational correlation function
A(?) for the molecule to be,

A(1) = e <y | (faz - 25) €™M (g1 - &) | x>
+ e—i’u‘,u—yr<x’_| (ﬁlz . él) e—ihz/,h (ﬁ21 . éS)l Xi> .

In the absence of the bath, Eq.3.12 reduces to Eq. 3.8 for
an isolated molecule. If in the scattering process, the
change in the bath modes can only occur between nearly
degenerate states, i.e. |wpm—wbn| L(witwi—wy), the
quartic frequency term becomes w§, where ws is defined
by Eq. 3.6, and by closure over the bath states, Eq. 3.12
gives the simpler looking result,

(3.13)

©

dey = @w§ [T . ,
(&5) = Wj;dt Lth (A Do(t'—1). (3.14)

i—f
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Here the bath correlation function @u(t'—1¢) which
depends only on the difference in the two times is
defined the same as Eq. 2.12 for absorption. This is
similar to the equation derived by Harris et al.’9 for
Raman scattering with pure dephasing, but we have also
shown that the quartic frequency dependence in the
differential cross section makes it necessary to make the
additional assumption that the change in energy of the
bath modes in Raman scattering is much less than the
energy of the scattered light.

Conclusion. The general formulation for absorption
and Raman scattering in the Heisenberg representation
is in terms of the dipole and polarizability correlation
functions. It is clear from Gordon’s work?! that (a) the
absorption lineshape for an infrared spectrum is given
by a Fourier transform of the vibrational transition
dipole correlation function of the absorbing molecules
in the ground electronic state, and (b) the differential
cross section for rotational Raman scattering is given by
a Fourier transform of the polarizability tensor correla-
tion function of the molecule. However, for optical
absorption and vibrational Raman scattering, it is more
useful to phrase the Heisenberg representation in terms
of vibrational wavepacket propagation on the excited
electronic state surface(s).274¥ We have shown that this
viewpoint can be derived directly from the correlation
function formalism by an appropriate choice of the
system Hamiltonian and the dipole and polarizability
operators.
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